AbstractmThis paper deals with the problem of constructing some free-form curves and surfaces from given Lagrangian and/or Hermite data. We define the smoothing variational spline function by minimizing a certain quadratic functional in a Sobolev space and establish the convergence of the associated method. (~)
INTRODUCTION
The theory of the smoothing Dm-splines over an open bounded set is due to Attdia (see, for example, [1] ). Likewise, Duchon has chosen the minimization of a quadratic functional as a first approximation of the flexion energy of a thin plate (see [2] ). In addition, Arcangdli approximates some Lagrangian or Hermite data by minimizing a functional defined in a Sobolev space (see [3] ). Following this line, we generalize these variational methods of approximation to the cases of curves and surfaces, by defining and characterizing the smoothing variational spline function.
Specifically, we present an approximating method for curves and surfaces parameterized by a function, defined on a nonempty bounded open subset, which minimizes a quadratic functional defined in a Sobolev space. Some examples are a fairness functional (see [4, 5] for a discrete case), a first approximation of the flexion energy of a thin plate (see [2] ), and a functional associated to tangent conditions (see [6] for a discrete case). Moreover, this generic functional consists of different terms associated both to the approximation data and certain restrictions. We notice that the weight assigned to each condition is controlled by a vector of parameters.
In the remainder of this section, we introduce some notations. First, denote by (.)R-and (., • )~,, respectively, the Euclidean norm and the inner product in R n, with n E N*, and let p, m E N*, and # E N be such that P m > ~ + It.
( (v) )~er~, and the application a defined from Hm(f~; R n) x Hm(f~; R n) into N N2 by c~(u, v) = (~(u, v))~eo. We assume that the operator L satisfies the relation ker L ~ Pm-l(f~; R n) = {0}, where Pm-l(f~; N n) is the space of all polynomials with values in R n of degree _< m -1.
We consider the following problem: find a parameterization a • Hm(12; R n) of either curve or surface T approximating To from the data set given by ~, such that a minimizes both the seminorms associated to the inner semiproducts of e, and the seminorm of order m in H m (f~; Rn). • the first term indicates how well v approaches the data set {~(f), q) • N} = {L f} in some smoothing least squares sense; • the second term can represent different conditions, such as fairness conditions (see [4,5]) or tangent conditions (see [6] ), while T weighs the importance given to each of them; • the third term represents a classical smoothness measure, which is controlled by the parameter e. and then apply the Lax-Milgram Lemma (see [7] ). By taking into account (5), (6) , and (7) and reasoning as in the proof of Theorem 6.3 in [9] , we deduce that , and an element f* of Hm(fhR n) such that d~ (acre)teN converges weakly to f* in Hm(fhlRn), when 1 ~ +oo. Finally, the result is obtained by following the procedure used in items 3-5 of Theorem 6.3 in [9] .
